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ABSTRACT
We constract a finitely generated projective group whose embedding cover
is not projective. This solves Problem 23.16 of [FJ].

Introduction

A profinite group G has the embedding property if for each pair of epimor-
phisms (¢: G — A, a: B — A) where B is a finite quotient of G there exists
an epimorphism 4: G — B such that a oy = ¢. An epimorphism 7: £ — H
of profinite groups such that £ has the embedding property is an embedding
cover of H. It is a smallest embedding cover of H if in addition, for each
embedding cover ¢: G — H there exists an epimorphism §: G — E such that
ol =.

Haran and Lubotzky [HL] proved the existence and the uniqueness of the
smallest embedding cover E(H) of each finitely generated profinite group H.
The case where H is finite was one of the essential ingredients in the decision
procedure of the theory of perfect Frobenius fields [FJ, Cor. 23.19 and Thm.
25.11].

Haran and Lubotzky [HL] proved another important ingredient in the decid-
ability procedure of the theory of perfect Frobenius fields: If a profinite group G

* The author visited the research group on the Arithmetic of Fields at the Insitute for
Advanced Studies. She would like to thank the Institute for its warm hospitality.
Received October 30, 1991



2 Z. M. CHATZIDAKIS Isr. J. Math.

has the embedding property, then so does its smallest projective cover G (also
known as “universal Frattini cover”) [FJ, Prop. 23.9]. Among others these led
Haran and Lubotzky to state without proof the following statement as [HL, Cor.
2.12): If H is a finitely generated profinite group, then l/?—(\f?) = E(I;' ). As it
was not clear how to prove this corollary, [FJ] stated its truth and the truth of a

related statement as an open problem:

PRrROBLEM ([FJ, Problem 23.16]): Let H be a finitely generated profinite group.
(a) Is E(H) projective whenever H is?
(b) Is E(H) isomorphic to the smallest projective cover of E(H)?

The goal of this note is to produce a finitely generated projective group H
such that its smallest embedding cover E(H) is not projective. In particular,
H=H { and therefore E(H) = E(H). On the other hand, the smallest projective
cover E(H) is not isomorphic to E(H), because the former is projective. So,
both (a) and (b) are answered negatively, and Corollary 2.12 of [HL] is refuted.

We 'describe H in Proposition 1.2 and prove that although H is projective,
E(H) is not. In Section 2 we describe E(H), by generators and relations. This
description, which is independent of Section 1, proves again that E(H) is not

projective.

ACKNOWLEDGEMENT: I would like to thank Moshe Jarden for transforming my
incomplete notes into the present paper.

1. The construction of H

Throughout this note we use ! to denote a prime number and G for an [-Sylow
group of a profinite group G. We also reserve p for an odd prime.

LEMMA 1.1: Let N be a closed normal subgroup of a profinite group G. For
each prime | choose an l-Sylow group G; of G. If N # 1, then there exists an |
such that NN G; # 1.

Proof: Choose a prime [ that divides the order of N. Then its [-Sylow group
N N G, is nontrivial. ]

PROPOSITION 1.2: Let H = H,xH, be the profinite group defined by:
Hs = {a,b) is the free pro-2-group on a,b,
Hp =(c) = Zy,

~1 b

*=c,c’=ec
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Then H is projective but its smallest embedding cover is not.

Proof: For each prime [, each [-Sylow group of H is [-free. Hence H is projective
[FJ, Prop. 20.47]. We prove in four parts that the smallest embedding cover
m: E — H is not projective.

PArRT A: H is generated by two elements, namely a and be Indeed, choose a
generator u for Z, and a generator v for Zy. Since be = ¢b the map (u,v) = (b, ¢)
extends to an epimorphism Zy x Z, — (b,c). As uv generates Zg x Z,, bc

generates (b, c). Hence, H = (a, b, ¢) = {a, bc), as claimed.

PArT B: H does not have the embedding property Indeed, consider Klein’s
group A2 = (ap,bg) of order 7 which is defined by the relations a2 = b2 =
and agbyp = bpag. The group A, acts on the cyclic group A, = (co) of order p
by ¢® = ¢;! and b = ¢y, The semidirect product A = AgxA, is a quotient
of H via the map (a,b,¢) — (ap, by, o). Consider the epimorphism a: A — As
defined by a(aq) = by, a(bg),= ap and a(cg) = 1. Its kernel is {co). Consider
the epimorphism n: H — A, defined by n(a) = ag, n(b) = bg and n(c) = 1.
Assume now that there exists an epimorphism 8: H — A such that ao8 = 1.
Then 6(c) = ¢}, where i is relatively prime to p, and 6(a) = cébo. Apply 6 to the

1

relation a™lca = a~! to get ¢} = ¢y t. Hence, p|2i, a contradiction. So, # does

not exist and therefore H does not have the embedding property, as claimed.

PArT C: E, is abelian Indeed, let F' be the free profinite group on two gen-
erators z,y. Use Part A to define an epimorphism ¢: F — H by ¢(z) = a and
w(y) = be. Let U = ¢~ ({c)) and N = Ker(yp). Then F/U & H/(c) = H, is the
free pro-2 group of rank 2. If Uj is a closed normal subgroup of £ such that F/U,
is a pro-2 group, then its rank is 2 and the canonical epimorphism F/Us — F/U
must be an isomorphism (a corollary of [FJ, Prop. 15.3]). Hence Up = U. Thus
U is the smallest closed pormal subgroup of F such that F/U is a pro-2 group.
As such, U is a characteristic subgroup of .

Let V be the smallest closed normal subgroup of U such that U/V is an
abelian pro-p group. Then V is characteristic in U and therefore also in F. Since
U/N = (¢) = Zy, the group N contains V. Let ¢': F/V — H be the epimorphism
which ¢ induces.

Since F' has the embedding property, so does F//V [FJ, Lemma 23.29]. Hence
there exists an epimorphism v: F/V — E such that 7 o v = ¢'. Note that U/V
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is the p-Sylow group of F//V. So, ¥ maps U/V onto E,. Since U/V is abelian,
so is Ep.

ParT D:  Conclusion of the proof Since N/V is contained in U/V and the latter
group is pro-p, the intersection of N/V with (F/V)s is trivial. Thus ¢' is injective
on (F/V),. Hence 7 is injective on Ey = v((F/V)2). Next note that the only
primes which divide the order of F/V are 2 and p. By Part B, = is not injective.
Hence, by Lemma 1.1, 7 is not injective on E,. Since n(E,) = H, = Z, and
since E,, is abelian, this implies that E, is not pro-p free. Conclude that F itself
is not projective. 2

2. The structure of F(H)

The existence of the two automorphisms of Hy given by (e,b) — (b,a) and
(a,b) — (a,a~1b) forces the smallest embedding cover E(H) to have two more
generators for its p-Sylow group E(H ), such that a, b, and ab will have symmetric
roles in their action on E(H),. Thus we prove that E(H) = E(H),xE(H),
where E(H)z = Hy, E(H), = (c,d,e) = Z, x L, X Ly, and the action of E(H),
on E(H), is given by (1) below.

If a profinite group G acts on a multiplicative abelian group A, we define for
each ¢ € G a homomorphism Ag: A — A by A,(a) = a%a.

We also let G2 = (2| g € G). It is a closed normal subgroup of G. As 22 = 1
for each x € G/G?, the latter group is abelian. In particular, if G = (a, b) is a pro-
2 group of rank 2, then G? is the Frattini group of G and G/G? = Z/2Z x Z,/2Z.
In this case G = G?a U G?*b U G%ab U G2

LEMMA 2.1: Let G = G, xG; be a profinite group (possibly finite), where G, =
(¢,d,e) is abelian, G2 = (a,b), and the action of G, on Gy is given by

(1) =c, d=d e®=e, P=¢c, d=d?, " =L

Then
(a) if x € G, satisfles 22 = 1, thenz = 1,
(b) for each x € G, we have (22) = (z),
(c) for all x,y € Gy, the action of z on G, commutes with that of y,
(d) each g € G% acts trivially on Gy,
(e) if g € G%a, then Im(}\y) = (d),
(f) if g € G2b, then Im(Ag) = (c),
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(g) if g € G3ab, then Im()\,) = (e), and
(h) Gp = {c) x (d) x ().

Proof of (a): Let a be an element of Z,, such that 2o = 1. Then z = z2* = 1.
Proof of (b): For each 3 € Z, we have 2° = 128,

Proof of (c): As a and b generate Gy it suffices to consider the case where z = a
and y = b. The action of a on {c,d, e} commutes with that of b. Hence, so does
its action on G,.

Proof of (d): For each h € {a,b} and each y € {c,d, e} there exists i € {1}
such that y* = y*. Hence, this is the case for each h € G. It follows that h? acts
trivially on {c,d, e} and therefore also on G,. Hence, each g € G2 acts trivially
on Gp.

Proof of (e): Let g = ya with y € G3. Then, by (d), Ag(c) = ¥*c = c"le =1,
Ag(d) = d?, and A4(e) = 1. Hence, by (d), Im(A,) = (d?) = (d

-~

Proof of (f),(g): Similar to that of (e).

Proof of (h): Let z € {¢) N (d,e). Then z* = 27! and z° = z, because « is an
element of (c). On the other hand z = d*¢®, with a, 8 € Z,. Hence, £* = d%e~*
and z° = d~*¢~A. Hence d?} = 1, and therefore, by (a), d° = 1. It follows that
e?* = 0. As before, €* = 1. Hence z = 1. Conclude that (c) N (d,e) = 1.
Similarly (d) N {c,e) =1 and (e) N {c,d) = 1. So, (h) is true. ]

LEMMA 2.2: Let G be as in Lemma 1 and let ¢: G — H be a homomorphism.
Then, with H, = p(Gp) and Hy = ¢(G32) we have H = H,xH,.

Proof: Since Gy is normal in G, the group H,, is normal in H. As G = G,Gs,
also H = HpHs. Finally, since p # 2, H, N Hy = 1. Hence, H = HyxHj. ]

PROPOSITION 2.3: Let G = G, %G, be the profinite group defined by:
G2 = (a,b) is the free pro-2 group on a, b,
Gp=(c,d,e) =Ly X Lp X Ly,

(1) ct=cld*=d e*=¢l, b=c, d®=d!, b =e L.

Then G has the embedding property.

Proof: Let §: B — A be an epimorphism of finite groups, and m: G — A and
¢': G — B two epimorphisms. We have to construct an epimorphism ¢: G — B



6 Z. M. CHATZIDAKIS Isr. J. Math.

such that ' o p = w. Obviously, with § = ¢’ o ¢/, it suffices to construct an
automorphism ¢ of G such that § o ¢ = 7.

For each g € G let § = n(g). By Lemma 2.2, A = A,xA,, where A; =
m(Gy) = (a,b) and A, = 7(G,) = (¢,d, &) satisfy the conditions of Lemma
2.1. In particular A, is the unique p-Sylow subgroup of A and A, is a 2-Sylow
subgroup of A. Thus 68(G,) = A, and 6(Gy) is conjugate to A,. Hence, there
exists g € G such that 6(G3) = A,. Replace 6 by conjugation by g followed by
0, if necessary, to assume that 6(Gs3) = A,.

Use Gaschiitz Lemma [FJ, Lemma 15.30] to choose generators a, 8 of G»
such that 8(a) = @ and 6(8) = b. As rank(G;) = 2,

(2) {G2a, G%B3,G2aB} = {Gia, G2b, G2ab}.

By Lemma 2.1, each of the groups Im(),), Im(Ag), and Im(),) is cyclic. Now
apply Lemma 2.1 on A, a, b,¢,d, € instead of on G, a,b, ¢, d, e to conclude that

6(Im(Xq)) = Im(As) = (d),
8(Im(Ag)) = Im(Xg) = (2),
0(Im(Aap)) = Im(A55) = (€).

Apply Gaschiitz Lemma again to choose elements v, 6,¢ € G, such that

Im(Ag) = (7) and 0(7) =¢,
3) Im(Xa) = (6) and 6(é) = d,
Im(Aag) = () and 8(¢) = &.

By Lemma 2.1 and by (2),
{(8), (1) (e)} = {Im(Aa), Im(Ap), Im(Aap)} = {{c), (d), {e)}-
In particular
(4) @nm=@)n=MMnl) =1
Also, (7,6,€) = (c,d, e) = Gp. Hence, the map

(a, b, C, d, e) = (ay,ga/)I’&’ 8)
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defines automorphisms ¢3: Gz — G2 and ¢p: G, — G,. If we prove that
a, 8,7, 6, € satisfy

(5) 7a=7_1a 6a=67 e* 25—177[3:7, 6B:6_1’ &ﬁ:s_l,

then ¢, and ¢, can be combined to an automorphism ¢: G — G such that
fop=m.
Indeed, by (3), there exists « € G, such that § = z*z. Hence, §* = ¥ 7% =

rx® = % = §. Similarly we argue for v# and €®? to prove:
(6) §2=6 =7, =c

By (3), v*v = Xa(7) € (8). By (6), by lemma 2.1(c), and by (3), 7v*y = vy =
By = A\yp(7) € (). Hence, by (4), v*y = 1 and therefore v* = y~1. Similarly
one proves the remaining relations of (3) to conclude the proof of the Proposition.

THEOREM 2.4: Let H be as in Proposition 1.2. Then the universal embedding
cover of H is 8: G — H, where G is the group defined in Proposition 2.3 and
6(a) = a, (b) = b, 6(c) = ¢, and 6(d) = 6(e) = 1. Moreover, H is projective,
while G is not.

Proof: Observe first that a, b, ¢, 1,1 satisfy the same relations in H as a,b, ¢, d, e
in G. Hence, the map (a,b,c,d,e) — (a,b,¢,1,1) extends to an epimorphism
6: G — H. Since G has the embedding property (Proposition 2.3), 6 is an
embedding cover. We compare ¢ with the smallest embedding cover 7: E — H.

By definition, there exists an epimorphism ¢: G — E such that mo ¢ = .
We have to prove that ¢ is an isomorphism.

By Lemma 2.2, E = E;xEs, where E, = ¢(G,) is the unique p-Sylow group
of E and E; = ¢(G?2) is a 2-Sylow group of E. In particular n(E,) = 8(G,) = (c)
and 7(E;) = 6(G2) = G3. Since, E2 = (p(a), p(b)) and Gy = {a,b) is the free
pro-2 group on a,b, the restriction of ¢ to G, and the restriction of 7 to E
are isomorphisms (a consequence of [FJ, Prop. 15.3]). So, without loss, identify
¢(a) with a, ¢(b) with b, and E2 with Gs. The restriction of ¢ to G5 and the
restriction of 7 to Ey become the identity maps.

Let ¢ = ¢(c), d = ¢(d), and & = ¢(e). By (1)

(7 c=cld=d =, d=¢ d=d! e=¢"1.



8 Z. M. CHATZIDAKIS Isr. J. Math.

By Lemma 2.1(h), E, = (¢) x (d) x (€). If we prove that each of the procyclic
pro-p groups (&), (d), and (€) are isomorphic to Z,, then the restriction of ¢ to
G, will also be an isomorphism and so ¢ will be proved to be an isomorphism,
as desired. As 7(¢) = 6(c) = c and (¢) = Z, we have (¢) = Z,. So, it remains to
prove the same statement for d and é.

It suffices to produce for each positive integer n epimorphisms of (d) and (&)
on a cyclic group A, = (co) of order p". We start with d.

Consider Klein's group As = {ag, bo) of order 4 which is defined by the

! and

relations af = b = 1 and agbo = boao. Az acts on A, by ¢§° = c5
cg" = cg. Form the semidirect product A = A,x A3 and consider the epimorphism
a: A — Ay defined by a(ap) = b, a(bo) = ag and a(cg) = 1. Its kernel is (o).

Define a homomorphism n: H — A; by n(a) = ag, n(b) = bo and n(c) = 1.
Since E has the embedding property and A is a finite quotient of H, and therefore
of E, there exists an epimorphism x: E — A such that aox = now. In particular,
as a(k{a)) = n(w(a)) = ap = a(bp), there exists a positive integer 7 such that
k(a) = cibo. Similarly, there exists a positive integer j such that x(b) = cg,ao.
Also, x = k(€), y = s(d), and z = k(&) belong to Ker(a) = {(co). Hence, co
acts trivially on each of these elements. Observe that £ maps E, = (¢,d, &) onto
the p-Sylow group (z,y,2) = (co) of A. Apply k on & = &~! to deduce that
a0 = z%% = k(%) = z~!. On the other hand, as b = ¢y and = € (co), we have
zb = z. Hence z = 7! and therefore = 1 (Lemma 2.1(a)). Similarly, starting
from the relation * = 7! we deduce that z = 1. Hence, x({d)) = (y) = (co).

Now we handle &. Define a homomorphism 8: A — Az by B(ao) = ao,
B(bo) = ag ‘b, and B(co) = 1. Its kernel is {co).

Since E has the embedding property, there exists an epimorphism A: £ — B
such that 8o A = nox. In particular there exists a positive integer 7 such that
Ma) = ciag and there exists a positive integer j such that A(b) = cfagbo. Also,

z = M), y = A(d), and z = A(€) belong to Ker(8) = (co). Hence, ¢q acts trivially

ab — &1 to conclude that

on each of these elements. Apply A on the relation ¢
gho = 7% = zcaochacke = z=1 On the other hand, since z € (c) we have
z% = z. Hence z = ™! and therefore = 1. Similarly, deduce from the relation
d®® = d~! that y = 1. Hence A(€) = (z) = (co), as desired.

Finally, observe that the Sylow subgroups of H are free. Hence H is projec-
tive [FJ, Prop. 20.47]. However, G, is not free. Indeed, ¢d(G,) = 3. So, G is not

projective. 1
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